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20 OPEN QUESTIONS ABOUT DEFORMATIONS OF
COMPACTIFIABLE MANIFOLDS
EDOARDO BALLICO, ELIZABETH GASPARIM, AND FRANCISCO RUBILAR
Abstract. Deformation theory of complex manifolds is a classical subject
with recent new advances in the noncompact case using both algebraic
and analytic methods.
In this note we recall some concepts of the existing theory and introduce
new notions of deformations for manifolds with boundary, for compactifiable
manifolds, and for q-concave spaces. We highlight some of the possible
applications and give a list of open questions which we intend as a guide
for further research in this rich and beautiful subject.
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1. Motivation
There exists a beautiful and successful theory of deformations of complex
structures for compact manifolds, as described in [Ko] (see also [M, H2]).
Here we will discuss some aspects of deformation theory of noncompact
manifolds. A short recent survey paper in this area appears in [GR]. Many
applications to mathematical physics require the use of noncompact manifolds,
and some of these were our initial motivation to consider noncompact spaces.
For example, in 4 dimensions, the Nekrasov instanton partition function
is defined over noncompact spaces and uses equivariant integration, which
would evaluate trivially to zero if considered over compact spaces. Similarly,
in 6 dimensions the theory of BPS states considers integration over moduli of
bundles on noncompact threefolds. There are also various purely mathematical
reasons why one might need deformations of complex structures of noncompact
manifolds. We are especially interested in toric Calabi–Yau threefolds, and
these must necessarily be noncompact. Furthermore, motivated by questions
coming from mirror symmetry, we also wish to consider total spaces of
1
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cotangent bundles and some of their deformations such as noncompact semisimple
adjoint orbits. These are just a few among many reasons to develop deformation
theory on the noncompact case.
Nevertheless, compact complex manifolds (or compact complex spaces)
have several good properties, which noncompact ones lack. For the deformation
theory of compact complex manifolds as in the papers by Kodaira and
Spencer more than 65 years ago compactness was essential to get global
solutions through the use of elliptic PDE’s. In all other approaches to
deformation theory, even for singular complex spaces, compactness is crucial
for deciding existence questions. Thus, we may expect to find additional
difficulties when dealing with the noncompact case.
There are many possible choices of how to go about generalizing deformation
theory. Here we propose some new concepts, giving examples. Our main goal
here is to motivate other researchers to think about some of the beautiful
problems on deformation theory, and to such end we will state several open
questions which we hope shall serve as motivation.
We will consider deformations of manifolds with boundary, compactifiable
manifolds and q-concave manifolds.
2. Submersions
The classical Ehresmann fibration theorem says that if f : M → N is
a proper submersion between smooth manifolds (possibly with boundary),
then it is a smooth fiber bundle; hence smoothly locally trivial. The holomorphic
analogue is totally false and deformation theory might be described as the
study of this failure.
Let us first note that if a holomorphic map is a smooth submersion then it
is also a holomorphic submersion. We now formulate this precisely. Consider
a holomorphic map f : X −→ Y between complex manifolds. Fix x ∈ X and
set y := f(x). Let n (resp. m) be the dimension of X at x (resp. of Y at
y). Let TxX (resp. TyY ) denote the tangent space at x (resp. y) of the
complex manifold X (resp. Y ). Then TxX (resp. TyY ) is a complex vector
space of dimension n (resp. m). Let ΘxX denote the real tangent space
of X at x (resp. Y at y) seen as a 2n-dimensional (resp. 2m-dimensional)
differentiable manifold. We have dimRΘxX = 2n, dimRΘyY = 2m,
ΘxX ⊗R C ∼= TxX ⊕ TxX and ΘyY ⊗R C ∼= TyY ⊕ TyY ,
where V denote the complex conjugate of the complex vector space V .
Lemma 1. If f : X → Y is a submersion at x of differentiable manifolds, i.e.
if the real differential ϑx : ΘxX −→ ΘyY is surjective, then f is a submersion
at x as complex manifolds, i.e. the C-linear map dfx : TxX −→ TyY is
surjective.
Proof. The surjectivity of the real differential ϑx : ΘxX −→ ΘyY implies
the surjectivity of the R-linear map ϑx⊗C : ΘxX ⊗R C −→ ΘyY ⊗R C, i.e. of
the map dfx ⊕ dfx : TxX ⊕ TxX −→ TyY ⊕ TyY . To prove our claim it is
sufficient to prove that the real rank of dfx ⊕ dfx is twice the complex rank
of dfx. Fixing a basis, we can see the linear map dfx ⊕ dfx as a diagonal
matrix. Denote by J the complex Jacobian of f , since we are assuming f
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holomorphic, denoting the real Jacobian of f by JR we have
JR =
[
J 0
∗ J
]
Since ϑx is surjective, the rank of JR is 2n. So we have
2n = rk(J) + rk(J) = 2rk(J),
hence real rank of dfx ⊕ dfx is twice the complex rank of dfx. Therefore,
J has rank n = dimTyY which is maximal, thus we conclude that f is a
submersion as complex manifolds. 
Example 2. Here is a classic example of a holomorphic submersion that is
not holomorphically locally trivial. Let S = C \ {0, 1}, and consider the
family X of elliptic curves in P2 parametrized by λ ∈ S given by
y2z = x(x− z)(x− λz).
Then the corresponding proper submersion
π : X → S
(λ, [x : y : z]) 7→ λ
is certainly not locally trivial because its fibers are not isomorphic.
3. Deformations of manifolds with boundary
Fix r ∈ (N \ {0}) ∪ {+∞}. Let M and N be Hausdorff Cr-manifolds
with a countable basis for their topology. Let Cr(M,N) denote the set of
all Cr-maps f : M −→ N . There are two useful topologies (the weak and the
strong topology) on the set Cr(M,N) [Hi, Ch. 2, § 1], which however are the
same when M is compact [Hi, last 4 lines of page 35]. Since in this section
we consider manifolds with boundary, we only need the case in which M is
compact, thus we describe the weak topology (also called the compact-open
topology for f and its derivatives). Let (ϕ,U) and (ψ, V ) be charts on M
and N respectively. Let K ⊂ U be a compact set such that f(K) ⊂ V . Fix
a positive real number ε and a non-negative integer k. Let | | denote the
euclidean norm on ψ(V ). Let N (f ; (U,ϕ), (V,ψ), ε, k) denote the set of all
g ∈ Cr(M,N) such that
|Di(ψfϕ−1)(x)− (ψgϕ−1)(x)| < ε
for all x ∈ ϕ(K) and all partial derivatives Di of order i ≤ k.
The weak topology on Cr(M,N) is the topology for which the collection of
all sets N (f ; (U,ϕ), (V,ψ), ε, k) is prescribed to be a subbasis, i.e. an open
set for this topology is an arbitrary union of a finite intersection of sets
N (f ; (U,ϕ), (V,ψ), ε, k). In the remaining of this section we use the weak
topology on Cr(M,N).
There is also the notion of Cr manifold with a boundary (M,∂M) and a
topology for the family of all Cr-maps Cr((M,∂M); (N, ∂N)) between two
manifolds with boundaries [Hi, Ch. 2,§ 3]. We use these notions to define a
Cr-locally trivial family of complex manifolds with boundary. However, as
in [Hi, pp. 30-31] we may also consider maps from a manifold (M,∂M) with
∂M 6= ∅ to a manifold Y with ∂Y = ∅
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Definition 3. Let X, Y be C∞ manifolds and f : X −→ Y a C∞-map. We
say that f is a deformation of connected n-dimensional complex manifolds
if:
• X and Y are connected, and dimX = dimY + n with n > 0
• f is a submersion with connected fibres {Mt}t∈Y
• there exists a countable open covering {Ui}i≥1 of X such that
• for each integer i ≥ 1 there exists a collection of n C∞ functions
z1i (q), . . . , z
n
i (q) : Ui −→ C
such that for each t ∈ Y , the assignment
{q 7→ (z1i (q), . . . , z
n
i (q))|Ui∩f−1(t)}
provides a complex structure on Mt.
Remark 4. Contrary to [Ko, p. 184] we do not assume that f is proper, i.e.
we do not assume that each Mt is compact.
Definition 5. We say that f is C∞ locally trivial on the base if for each
t ∈ Y there is an open neighborhood U of t ∈ Y and a diffeomorphism
v : f−1(U) −→ U ×Mt such that π1 ◦ v = f|f−1(U), where π1 : U ×Mt −→ U
is the projection onto the first factor.
Question 1. Compare our Definition 3 (global) with the Definition 9 (local)
of [GR].
3.1. Deformations and the h-cobordism theorem. In this section, we
suggest a relation between deformations of complex manifolds with boundary
and the very well known h-cobordism theorem. First of all we recall some
basic ideas and fundamental results.
Definition 6. An (n+1)-dimensional cobordism is a quintuple (W ;M,N, i, j)
consisting of an (n + 1)-dimensional compact differentiable manifold with
boundary W ; closed n-manifolds M,N and embeddings i : M →֒ ∂W and
j : N →֒ ∂W with disjoint images such that
∂W = i(M) ⊔ j(N).
Definition 7. An (n + 1)-dimensional cobordism (W ;M,N, i, j) is an
h-cobordism if the inclusions i : M →֒ ∂W and j : N →֒ ∂W are homotopy
equivalences.
Theorem 8 (h-cobordism). Let n be at least 5 and let W be a compact
(n + 1)-dimensional h-cobordism between M and N in the category C =
Diff,PL, or Top such that W,M and N are simply connected, then W is
C-isomorphic to M×[0, 1]. The isomorphism can be chosen to be the identity
on M × {0}.
This means that the homotopy equivalence betweenM,W, and N is homotopic
to a C-isomorphism.
Now we recall some fundamental results in low dimensions. For n = 4,
the h-cobordism theorem is true topologically (proved by Michael Freedman
using a 4-dimensional Whitney trick) but is false PL and smoothly (as shown
by Simon Donaldson).
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For n = 3, the h-cobordism theorem for smooth manifolds has not been
proved and, due to the 3-dimensional Poincare´ conjecture, is equivalent to
the hard open question of whether the 4-sphere has non-standard smooth
structures.
For n = 2, the h-cobordism theorem is equivalent to the Poincare´ conjecture
stated by Poincare´ in 1904 (one of the Millennium Problems) and was proved
by Grigori Perelman in a series of three papers in 2002 and 2003 [P1, P2, P3].
For n = 1, the h-cobordism theorem is vacuously true, since there is no
closed simply-connected 1-dimensional manifold.
For n = 0, the h-cobordism theorem is trivially true: the interval is the
only connected cobordism between connected 0-manifolds.
Question 2. Compare the notions of cobordism and deformations of compact
manifolds.
Question 3. Compare the notion of deformations of manifolds with boundaries
with the notion of families of cobordisms.
Question 4. Let n ≥ 2. If an n-dimensional complex manifold M with
boundary has nontrivial deformations, then what type of cobordism exists
between the components of ∂M?
If the assumption thatM andN are simply connected is dropped, h-cobordisms
need not be cylinders; the obstruction is exactly the Whitehead torsion
τ(W,M) of the inclusion M →֒W .
There exits a stronger version of the h-cobordism theorem, known as the
s-cobordism theorem. Namely, the s-cobordism theorem (the s stands for
simple-homotopy equivalence), proved independently by Barry Mazur, John
Stallings, and Dennis Barden, states (with the same assumptions as above
but where M and N need not be simply connected):
Theorem 9 (s-cobordism). An h-cobordism is a cylinder if and only if
Whitehead torsion τ(W,M) vanishes.
The torsion vanishes if and only if the inclusion M →֒ W is not just a
homotopy equivalence, but a simple-homotopy equivalence.
Note that one need not assume that the other inclusion N →֒ W is also
a simple homotopy equivalence, it follows from the theorem.
Question 5. Is there a numerical invariant that characterizes when a manifold
with boundary is rigid, similarly to the way Whitehead torsion characterizes
when an h-cobordism is a cylinder?
Categorically, the collection of h-cobordisms form a groupoid.
Then a finer statement of the s-cobordism theorem is that the isomorphism
classes of this groupoid (up to C-isomorphism of h-cobordisms) are torsors
for the respective Whitehead groups Wh(π), where π ∼= π1(M) ∼= π1(W ) ∼=
π1(N).
Question 6. Express the definitions and properties of deformations of
manifolds with boundaries in the language of groupoids and torsors.
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4. Deformations of compactifiable manifolds
When we are only interested in an open subset X of a compact complex
manifold W such that D := W \ X is a hypersurface, we may consider
deformations of pairs (W,D) such as in [I]. This may be too restrictive for
the purpose of holomorphic deformations when we are only interested in X,
even if we know that X can be compactified to some W , but such a notion
considered in the literature, and here we give a slight generalized version. In
our definition of compactifiable deformation of the pair (X,W ) we do not
require that the map be a submersion (nor that it be flat) at the points of D.
We inquire how restrictive are our assumptions and we pose a few questions
related to the compactifiability of deformations of the threefolds Wk studied
in [BGS, GKRS].
Definition 10. Take finitely many holomorphic functions f1, . . . , fk in a
domain D of Cn and form their ideal sheaf
I := ID := ODf1 + · · ·+ODfk ⊂ OD.
The quotient sheaf OD/ID is a sheaf of rings on D. Put
X := Supp(OD/ID) = {x ∈ D : ID,x 6= OD,x}, and OX := (OD/ID)|X .
Clearly, X equals the set
N(I) := N(f1, . . . , fk) = {x ∈ D : f1(x) = · · · = fk(x) = 0}
of common zeros of f1, . . . , fk in D and, moreover, X is closed in D. Every
stalk OX,x = (OD,x/Ix) is an analytic algebra, hence OX is a sheaf of local
C-algebras on X. The C-ringed space (X,OX ) is called the (complex) model
space, defined (on D) by I. We write V (f1, . . . , fk) or simply V (I) for this
space. Note that |V (I)| = N(I).
Definition 11. A C-ringed space (X,OX ) is called a complex space, if X
is a Hausdorff space and if every point of X has an open neighborhood U
such that the open C-ringed subspace (U,OU ) of (X,OX ) is isomorphic to
a complex model space. Thus, locally, complex spaces are determined by
finitely many holomorphic functions in domains of number spaces.
Complex model spaces are complex spaces. In a complex space (X,OX )
every open set U ⊂ X defines an open complex subspace (U,OU ). Complex
spaces form a (full) subcategory of the category of C-ringed spaces. Morphisms
(isomorphisms) are called holomorphic (biholomorphic) maps; OX -modules
on a complex space (X,OX ) are called analytic sheaves on X.
Algebraic properties of the analytic algebras OX,x are used to introduce
geometrical notions. For instance, we say that smooth points are those
points x ∈ X for which OX,x is regular, i.e. isomorphic to a C-algebra
C{z1, . . . , zn}. Complex spaces with smooth points only are called complex
manifolds; standard examples are domains in Cn and Riemann surfaces. Non
smooth points are called singular points; the origin of Neil’s parabola and
of the cone w2 − z1z2 = 0 in C
3 are singular points.
Definition 12. LetX be a complex space. We say thatX is compactifiable
if there are a compact complex space X ′, a closed analytic subset D ⊂ X ′
and an open embedding j : X −→ X ′ such that j(X) = X ′ \D.
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Note that in definition 12 we do not fix the pair (X ′,D). By Hironaka
desingularization if X is a smooth compactifiable complex space, then we
may find a compactification (X ′,D, j) with X ′ smooth and D with normal
crossings.
Definition 13. Let X be compactifiable complex space. A compactifiable
deformation of X is a sextuple (X ,D, Y, f, o, j), where:
• X and Y are complex spaces,
• D is a closed analytic subset of X and o ∈ Y ,
• f : X −→ Y is a proper holomorphic map such that f|X\D is flat,
• j : X −→ f−1(o) is an open embedding with
j(X) = f−1(o) \D ∩ f−1(o).
We say (X ,D, Y, f, o, j) is topologically trivial along X if
fX\D : X \D −→ Y
is topologically locally trivial over Y , i.e. for each u ∈ Y there is an open
neighborhoodA of u such that f(X\D)∩f−1(A) : (X\D)∩f
−1(A) −→ A and the
projection (X \D)∩f−1(A)×A −→ A are isomorphic as maps of topological
spaces over A.
WhenX is smooth, we say that (X ,D, Y, f, o, j) is a smooth compactifiable
deformation if f|X\D is a smooth morphism of complex spaces and each fibre
of f is a complex manifold.
For a smooth compactifiable deformation we do not assume that Y is a
complex manifold. This is the main reason to use topological local triviality
in Definition 13 instead of differential triviality. The interested reader may
do the definition for differential local triviality when Y is smooth.
Example 14. Let X be a connected compact manifold of dimension n > 0.
Let S ⊂ X be a nonempty finite set and U = X \ S. Let (X ,D, Y, f, o, j)
be a smooth compactifiable deformation of X. Since f is proper and the
deformation of X is smooth, all fibres of f are compact manifolds with
deformations of U as Zariski open subsets. Restricting Y to a smaller
neighborhood of o if needed, we may assume that all fibres of f are connected
n-dimensional complex manifolds and f|D : D −→ Y is a finite holomorphic
map. Thus all fibres of f|D are finite sets. It is easy to check that (X ,D, Y, f, o, j)
is topologically trivial along X if and only if all fibres of f|D have the same
number of points.
Question 7. Let X ′ be a compactification of the complex space X. When
are deformations of X obtained from deformations of X ′ and deformations
of the analytic set D := X ′ \X?
We now discuss a few basic examples.
Example 15. Let C be a smooth and connected complex curve of genus
g ≥ 0. Take as D a finite set, X := C \ D. Set m := ♯(D). In such a
case deformations of X topologically trivial over the base always come from
deformations of C. If either g ≥ 2, or g = 1 and m > 0, or else g = 0 and
m ≥ 3, then we are just speaking about the deformation theory of pairs
(C,D), which is the (well-known) deformation theory of elements of Mg,m.
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Example 16. Let us a consider the following noncompact surfaces
Zk = Tot(OP1(−k)).
That is, total spaces of line bundles on P1. In [BG1, Thm. 5.4 and Thm. 6.18],
the authors prove that these surfaces admit smooth compactifiable deformations.
In fact, [GKRS, Lem. 5.6] show that these deformations can be obtained from
deformations of the well known Hirzebruch surfaces
Fk = Proj(OP1(−k)⊕OP1(0)),
which are compact.
Example 17. The noncompact threefolds
Wk = Tot(OP1(−k)⊕OP1(k − 2))
admit deformations which are not smooth compactifiable. In [GKRS, Thm. 6.3]
and [BG1, Cor. 1.29 ] there are concrete examples of infinite dimensional
families of deformations ofWk for k ≥ 2 which are not smooth compactifiable.
Further, in [BGS, Cor. 1.25] the authors show that deformations of Wk are
not obtained from their compactifications. This situation is quite different
from the one of the surfaces Zk considered in the previous example.
Question 8. Determine which deformations of Wk are compactifiable.
Question 9. Describe all projectivizable deformations of Wk.
Question 10. Decide whether there exist nontrivial deformations of W1.
Note that [GKRS] proved that W1 is formally rigid.
Question 11. Consider a compactifiable (or projectivizable) deformation
(W,X , f , Y, o) of Wk. For which t ∈ Y is there a surjection f
−1
(t) −→ P1
extending the structure of X ∩f
−1
(t) as an affine bundle over P1? For which
t ∈ Y is f
−1
(t) at least covered by codimension 1 projective spaces?
Question 12. Does there exist a compactifiable space X such that no
nontrivial deformation of X is compactifiable?
Question 13. Let X be a toric Calabi–Yau threefold. Determine what
conditions on X imply that all of its deformations are compactifiable (if
any).
4.1. Nontrivial examples in dimension one. To give some very nontrivial
examples, we recall some definitions and results from [E].
Definition 18. Let f : X −→ Y be a holomorphic submersion between
complex manifolds. f is said to be differentially locally trivial over Y (resp.
locally trivial over Y ) if for each y ∈ Y there is an open neighborhood
U of y such that the map f|f−1(U) : f
−1(U) −→ U is differentially (resp.
holomorphically) isomorphic to the projection f−1(y)× U −→ U .
When f is proper, then it is differentially locally trivial over Y [FG].
Theorem 19. [E, Thm. III] If X is a smooth surface, Y a smooth curve, all
fibres of f are biholomorphic to an algebraic curve F and f is compactifiable,
then f is locally trivial over Y .
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We recall that a connected one-dimensional complex manifold F is of finite
type if and only if there is a compact complex one-dimensional manifold T
and a holomorphic embedding j : F −→ T such that j(F ) \F is topologically
the union of finitely many disjoint circles and points. The following very
strong result is due to K. Yamaguchi:
Theorem 20. [Y, Thm. 3] Let f : W −→ Y be a holomorphic submersion
with Y a one-dimensional complex manifold, W a Stein surface and all fibres
of f biholomorphic to the same connected one-dimensional complex manifold
with finite type F . Assume that F is neither biholomorphic to the open disc
nor to the open disc minus its center. Then f is holomorphically a locally
trivial fibration over Y .
Thus in [Y] one does not need to assume that the submersion is compactifiable,
but one needs to give a very strong assumption (Steinness) on the total space
of the holomorphic submersion f . We just recall the following example
from [E]. Other examples and some other less algebraic positive results are
contained in [Y] and the references quoted therein.
Example 21. [E, Ex. 1.2.1] Set T := {(0, 0)} ∪ {(z, xz−1)}z∈C∗ ⊂ C
2. Set
X := C2 \T . Let f : X −→ C denote the restriction to X of the projection of
C
2 onto its factors. All fibres of the submersion f are biholomorphic to C∗,
but f is neither differentiably nor topologically locally trivial over C. Note
that X is not Stein.
5. Deformations of q-concave spaces
We use the notation from [HL]. For extensions of these definitions to
complex spaces, see for instance [A3, Ch. 5]. Let X be a connected complex
manifold of dimension n and x ∈ X. ThenX is a 2n-dimensional differentiable
manifold and we call TR,xX its real tangent space, which is a 2n-dimensional
real vector space. Set
TC,xX := TR,xX ⊗ C.
Thus TC,xX is a 2n-dimensional complex vector space. If z1, . . . , zn are
local coordinates of X around x, we may take ∂
∂z1
, . . . , ∂
∂zn
, ∂
∂z1
, . . . , ∂
∂zn
as
a basis of TC,xX. Let T
′
xX (resp. T
′′
xX) be the subspace of TC,xX spanned
by ∂
∂z1
, . . . , ∂
∂zn
(resp. ∂
∂z1
, . . . , ∂
∂zn
) [HL, p. 59]. If Y ⊂ X is a real C1
submanifold of X we set T ′xY := T
′
xX ∩ TC,xY .
Definition 22. Let ρ : X −→ R be a C2 function. For any x ∈ X we define
a Hermitian form Lρ(x) on T
′
xX, called the Levi form of ρ, in the following
way. If (t1, . . . , tn) ∈ C
n and t =
∑n
j=1 tj
∂
∂zj
set
Lρ(x)(t, t) :=
n∑
j,k=1
∂2ρ(x)
∂zj∂zk
tjtk.
The signature (also called the inertia) of the Levi form at x does not
depend on the choice of the holomorphic local coordinates z1, . . . , zn, see
[HL, pp. 59-60], [A3, p. 61].
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Definition 23. Fix an integer q such that 1 ≤ q ≤ n. We say that a
C2 function ρ is q-convex if at all x ∈ X the Levi form of ρ has at least q
positive eigenvalues [HL, p. 60] and that it is q-concave if −ρ is q-convex, i.e.
if at all points of X the Levi form of ρ has at least q negative eigenvalues
[HL, p. 73].
The n-convex functions are those usually called strictly plurisubharmonic.
Definition 24. Let ρ : X −→ R be a C2-function. Set β := supz∈X ρ(z) ∈
R ∪ {+∞}. The function ρ is called an exhausting function if there is a
compact subset K ⊆ X such that ρ(x) < β for all x ∈ X \ K and for all
c < β the set {z ∈ X | ρ(z) < c} is relatively compact in X [HL, I.5.1].
The exhausting function ρ is called q-concave at infinity if there is a
compact K ⊂ X such that ρ|X\K is q-concave.
Definition 25. We say that an n-dimensional complex manifold X is
q-concave for 0 ≤ q ≤ n − 1, if there exists an exhausting function of X,
which is (q + 1)-concave [HL, p. 73].
Now assume that X is a connected open subset of the connected complex
manifold W . Fix q ∈ {1, . . . , n− 1}. In [HL, pp. 138–139] it is defined when
W is a q-concave extension of X.
Remark 26. LetW be a connected complex manifold andX ⊂W a connected
open subset of W . Assume that X is 2-concave (resp. 3-concave) in the
sense of [HL]. Then the restriction maps H i(W,TW ) −→ H i(X,TX) is an
isomorphism for i ≤ 1 (resp. i ≤ 2) by [HL, IV.15.11] and it is injective
if i = 0 (resp. i ≤ 1) by [HL, IV.16.1], because Dolbeaut’s and usual
cohomology groups coincide by [HL, Thm. I.2.14].
Definition 27. An n-dimensional (n − 1)-concave complex manifold is
called a pseudoconcave complex manifold.
Example 28. Every compact complex space is trivially pseudoconcave. More
examples are easily obtained by taking “convex holes” in a compact space.
The compactification problem (solved by H. Rossi) says that if a space X
is pseudoconcave and dimX ≥ 3, then X is an open subset of a compact
space (it may be singular) [HL, § 23] which is an (n − 1)-concave extension
of X.
Example 29. There exist noncompactifiable 2-dimensional pseudoconcave
spaces [A3, Ex. 3 § 2.3, Rk. 2 p.75].
Example 30. There exists a one-parameter family of distinct complex structures,
all of them pseudoconcave, in the complement of a point in the differentiable
manifold CP2.
Thus, it is not very restrictive (but restrictive) to only look at q-concave
complex manifolds with a compact q-concave extension. Here we take a pair
(W,X) with X q-concave, W a compact complex manifold and we discuss
smooth q-concave deformations. For simplicity, in what follows we assume
that the parameter space Y is smooth and also that the total space of the
deformation X is smooth.
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Definition 31. A q-concave deformation of the pair (W,X) is a quintuple
(X ,W, Y, o, f), satisfying:
• Y is a complex space, and o ∈ Y ,
• f : W −→ Y is a proper submersion,
• X is an open subset of W,
• (f−1(o), f−1(o) ∩ X ) is biholomorphic to the pair (W,X), and
• f−1(y) is a q-concave extension of f−1(y) ∩ X for each y ∈ Y .
The last requirement means that f|X is transversally q-concave, that is,
W is a q-concave extension of X in which the data of the q-extension is
transversal to f .
When f|X is topologically locally trivial, we say that the deformation
is topologically locally trivial over Y . When Y is a smooth manifold and
f|W is differentially locally trivial over Y we say that the deformation is
differentially locally trivial over Y .
Now assume q ≥ 3. By Remark 26 the restriction maps
H i(W,TW ) −→ H i(X,TX)
are isomorphism for all i ≥ 3. Thus, the Kodaira–Spencer deformation
theory of W is governed by data on X. For instance, if H1(X,TX) = 0,
then in any q-concave deformation (X ,W, Y, o, f),W is locally trivial over Y
and hence we just ask how to deform X insideW (if we only want q-concave
deformations of (W,X)).
Take a q-concave deformation (X ,W, Y, o, f) of the pair (W,X) with Y
smooth and let E be a holomorphic vector bundle on X. By [RR, Thm. 3
§ 8 p. 123] there is a range of integer i ∈ N, q and dimY for which the direct
images Rif∗(E) are coherent. However, to study deformations, we only need
the case E = TX and in this case E is the restriction to X of the vector
bundle TW. Since f : W −→ Y is proper, Grauert theorem of coherence for
proper maps says that for all i ∈ N the OY -sheaf, R
if∗(TW) is coherent,
each cohomology group H i(f−1(y), T f−1(y)) is finite-dimensional and the
function y 7→ dimH i(f−1(y), T f−1(y)) is an upper semicontinuous function
Y −→ N. We then obtain the following result:
Proposition 32. Let (W,X) be a q-concave pair, q ≥ 3. Then all q-concave
deformations (X ,W, Y, o, f) of (W,X) with Y smooth are obtained from
deformations of X.
Proof. Using Remark 26 we have
dimH i(f−1(y), T f−1(y)) = dimH i(f−1(y) ∩ X , T f−1(y) ∩ X )
for all i ≤ q − 1. 
LetX be an n-dimensional connected complex space, n ≥ 3. For simplicity
we assume here that X is smooth and relegate to Remark 36 the case of
singular complex spaces. Assume that X is pseudoconcave, i.e. that it is
(n− 1)-concave [A2, A3, HL].
Remark 33. Even for projective manifolds X it is classically known (e.g.
K3 surfaces, i.e. a compact 2-dimensional Calabi-Yau manifold) that small
deformations of X may not be projective.
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The usual way to remain in the category of projective manifolds is not
just to consider deformations of X, but instead to consider deformations of
a pair (X,L), where L is an ample line bundle on X. In this section we will
do the same for pseudoconcave complex manifolds. We follow [A3, AS, AT].
Assume the existence of a line bundle L on X such that for each x ∈ X,
there is a positive integer m and f1, . . . , fn ∈ H
0(X,L⊗m) such that fi(x) =
0 for all i and (after taking a local trivialization of L around x), f1, . . . , fm
induce a local biholomorphism of X near x with Cn near 0. When n = 2
one needs also to assume that for all x, y ∈ X such that x 6= y there is a
positive integer m and f ∈ H0(X,L⊗m) such that f(x) = 0 and f(y) 6= 0.
Under these assumptions the C-algebra
A(X,L) := ⊕m≥0H
0(X,L⊗m)
is finitely generated and hence the scheme
Γ := Proj(A(X,L)
is a well-defined complex projective scheme [H1]. Since L is a line bundle
on X and it is known that for each x ∈ X there is a positive integer m and
f ∈ H0(X,⊗m ) with f(x) 6= 0, the pair (X,L) induces a holomorphic map
u : X −→ Γ.
Then X is an integral complex space (for manifolds it just means that
X is connected). Since X is smooth, it is a normal complex space [Fi,
Thm.p. 120]. Let v : W −→ Γ be the normalization of Γ as a complex space
[Fi, § 2.26], which is just the complex space associated to the normalization
of Γ as an integral algebraic variety. We get that u factors as
u = v ◦ j with j : X −→W
[Fi, pp. 121-122]. It is proved in [A3, AS, AT] that j is an open embedding
and in the following we will identify j with the identity map, i.e. we will see
X as an open subset of the normal projective complex space W . Examples
contained in the quoted paper show that for X smooth W need not be
smooth, but it has at most finitely many singular points.
By the construction of Γ as a Proj there exists a natural line bundle on
it and its pull-back R to X has the property that it is ample and R|X = L.
Taking instead of L a power L⊗m, m ≫ 0, we may assume that R induces
an embedding of W into a large projective manifold. Using the definition
of projective morphisms between two complex spaces [BS2, Ch. 4] we may
define projective deformations of the pair (X,R) in the following way. Take
W and R as above.
Definition 34. A projective deformation of (X,L,W,R) is given by (W, Y, f, o,X ,R)
such that:
• W and Y are complex spaces,
• o ∈ Y and f−1(o) =W ,
• f : W −→ Y is a holomorphic submersion which is projective in the
sense of [BS2, Ch. 4],
• X is an open subset of W,
• f|X : X −→ Y is pseudoconcave,
• f−1(o) ∩ X = X,
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• R is a line bundle on W which is ample with respect to f and
• R|f−1(o) ∼= R.
Note that by definition f is projective if and only if there is a line bundle
on W which is ample with respect to f [BS2, p. 159].
Remark 35. Assume n ≥ 3 and hence that W is a 2-concave extension of
X. Assume that W is smooth and that H1(TX) = 0. Since H1(W,TW ) =
H1(X,TX),W is rigid. We get a kind of rigidity for pseudoconcave deformations
of the pair (X,L): the only nearby pseudoconcave deformations are as
open subsets of W for the following reason. Since W is rigid, any small
deformation of W is biholomorphic to the projection π2 : W × ∆ −→ ∆
with ∆ an open neighborhood of 0 ∈ CN , some N ≥ 0. By the definition
of pseudoconcave deformation such a small deformation is obtained taking
an open subset X of W × ∆ such that X ∩ π02 = W and π2|XX −→ ∆
is a submersion. Thus, this submersion is equivalent to taking a family
{π−12 (z) ∩ X}z∈∆ of open subsets of W with π
−1
2 (0) = X.
Now we may take as a pseudoconcave deformation of (X,L) any family
with X an open subset ofW such that X∩f−1(o) = X and f|X is pseudoconcave.
Remark 36. For general background on singular complex spaces, see [Fi]. See
[Fi, § 2.6, 2.7] for the differential of a holomorphic map between arbitrary
complex spaces and in particular for the notion of submersion between
complex spaces [Fi, § 2.18]. For the notions of q-convexity and q-concavity
for complex spaces, see for instance [A3, § 5.2]
Question 14. Let X be a pseudoconcave complex space. When is there a
compact complex space W and an open embedding j : X −→ W such that
W \ j(X) is “very small”, for instance a finite set?
One could think of Question 14 as a particular case of the following vague
question.
Question 15. Let X be a complex space. Find an object, say a compact
topological space, X containing X with X open in X and for which certain
sequences (or all sequences) of points of X have a subsequence converging
to a point of X, then give a structure of complex space to X. Classify those
complex spaces X such that X \X is small, e.g. it is a finite set.
Such a program was carried out for noncompact one-dimensional complex
manifolds in several ways, using non-holomorphic data, like the existence or
non-existence of certain potential [RS, pp. 20–21], [AS], at least if π1(X)
is finitely generated then giving several different criteria which determine
when X \X is small.
When n := dimX ≥ 2 and X is smooth, a related notion is the one of
envelope of holomorphy, in which we assume that X has many nonconstant
holomorphic functions and the aim is to find X which is Stein. This very old
problem (see [JP] for the case of Riemann domains) is discussed in details
in [DSST, § 11.7.3, § 13.7].
We consider here the case of a compact projective W which is normal
with only finitely many singular points (this is similar to [AT, case (b) of
Proposition 6]). Then we expect that to verify when W \ j(X) is finite
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should not be very difficult, although we do not have an obvious criterion
to see it. We have:
Proposition 37. Let X be an n-dimensional 0-pseudoconcave complex manifold.
Assume that one of the following conditions is satisfied:
(1) either n ≥ 3 and for each x ∈ X there exists an integer t > 0 and
f1, . . . , ft ∈ ω
⊗t
X giving local coordinates at x; or
(2) for each x ∈ X there exists an integer t > 0 and f1, . . . , fn ∈ ω
⊗t
X
giving local coordinates of X at x and for all x, y ∈ X such that
x 6= y there exists m > 0 and f ∈ H0(ω⊗mX ) such that f(x) = 0 and
f(y) 6= 0.
Then there exists a normal projective variety W and an open embedding
j : X −→W .
Proof. Part (2) is [AT, Thm. 2] or [A3, Thm. 4.3.1]. Part (1) follows from
part (2) and [A3, Thm. 4.4.1]. 
We then expect that the following instance of the vague question phrased
in 15 should be solvable in reasonably short time.
Question 16. Solve question 15 for spaces X satisfying the properties in
Proposition 37.
6. Final remarks
We have stated a few concrete open questions on deformation theory of
noncompact manifolds, of compactifiable manifolds, manifolds with boundary,
and q-concave spaces. Each of the sections 3, 4, and 5 may give rise to an
entire graduate thesis, and certainly to new publications. Also, each question
about deformations has a corresponding question about moduli which should
also be addressed. Moreover, there are many large fundamental questions
about deformations that remain open, we finish by stating a few of them.
Question 17. Under what conditions do all deformations of the total space
of a vector bundle have the structure of affine bundles?
Question 18. LetX be a noncompact Calabi–Yau threefold. What geometric
conditions onX imply that it has infinitely many nonisomorphic deformations?
(Compare with [BGS] and [GKRS]).
Question 19. Let X be obtained from X˜ by removing finitely many points.
Compare deformations of X to those of X˜.
Finally, perhaps the question that must be answered most urgently:
Question 20. What is the correct cohomology theory that parametrizes
deformations of noncompact manifolds? (Vanishing of such a cohomology
should imply existence of only trivial deformations.)
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